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Abstract
We study the connection between mutually unbiased bases and mutually or-
thogonal extraordinary supersquares, a wider class of squares which does not con-
tain only the Latin squares. We show that there are four types of complete sets
of mutually orthogonal extraordinary supersquares for the dimension d = 8. We
introduce the concept of physical striation and show that this is equivalent to the
extraordinary supersquare. The general algorithm for obtaining the mutually un-
biased bases and the physical striations is constructed and it is shown that the
complete set of mutually unbiased physical striations is equivalent to the complete
set of mutually orthogonal extraordinary supersquares. We apply the algorithm to
two examples: one for two-qubit systems (d = 4) and one for three-qubit systems
(d = 8), by using the Type II complete sets of mutually orthogonal extraordinary
supersquares of order 8.
Keywords: Latin squares, mutually unbiased bases
1 Introduction
The mutually unbiased bases are widely used in many protocols of quantum information
processing: quantum tomography [1, 2, 3], quantum cryptography [4], discrete Wigner
∗email: iulia.ghiu@g.unibuc.ro
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function [5, 6], understanding the complementarity [7, 8, 9, 10], quantum teleportation
[11], quantum error correction codes [12], or the mean king’s problem [13], just to enu-
merate a few of them. Two bases {|ψj 〉} and {| φk 〉} are called mutually unbiased if for
any two vectors, one has |〈ψj | φk 〉|
2 = 1/d, where d is the dimension of the Hilbert space
[1]. The maximal number of mutually unbiased bases (MUBs) can be at most d+1 [14]
and this value can be reached in the case when the dimension of the space is a prime or
a power of prime [15].
MUBs can be constructed using different methods. One method consists in obtaining
d+1 classes of d−1 commuting operators, whose eigenvectors represent the MUBs. These
special operators are called mutually unbiased operators [16].
Wootters [17] and Gibbons et al. [6] proposed a geometrical approach that is based
on the correspondence of the MUBs to the so-called discrete phase space. The phase
space of a d-level system (qudit) is a d× d lattice, whose coordinates are the elements of
the finite Galois field Fd. A state is associated to a line in the discrete phase space and
the set of parallel lines is called a striation [17]. The line passing through the origin is
called ray. It turns out that the MUBs are determined by the bases associated with each
striation. A detailed review by Durt et al. presents different constructions of MUBs as
well as their applications [18].
Recently, the connection between magic and Latin squares with quantum information
theory has been investigated. The quantum game based on a magic square allows two
observers Alice and Bob to share an entangled quantum state [19, 20]. Also an interesting
application of Latin squares is quantum teleportation, where generalized Bell states are
given in terms of Latin squares [21].
Similarities between MUBs and mutually orthogonal Latin squares have been ana-
lyzed during the last years [17, 22, 23, 24, 25, 26, 27, 28, 29, 30]. In Refs. [17, 23], one
considers the case when the two striations with vertical and horizontal lines are present
among the set of mutually orthogonal striations. This fact leads only to a special class of
MUBs, the one which contains the eigenvectors of tensor products of the Pauli operators
X and the identity, Z and the identity, or their combinations. The associated striations
of MUBs are Latin squares. In Ref. [24], a set of Latin operators is constructed, whose
eigenvectors form a complete set of MUBs, therefore the associated striations are Latin
squares. We should mention that the connection is done only with the Latin squares
(also the squares with vertical and horizontal lines are considered) and not with a wider
class.
There are at least two different ways of defining the problem of construction of MUBs:
A) the generation of the MU operators. This ends the problem and no connection to
Latin squares is done.
B) the generation of both the MU operators and the striations associated to each
basis. There are discussions on the link between striations and Latin squares. The
striations are relevant if we want to compute the discrete Wigner function, since we need
to know the expression of each line of all the striations.
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In this paper we analyze the problem B), by trying to answer to three questions.
Suppose that one starts with the ray denoted by the number 1 as below in the square of
Fig. 1:
? ? ? 1
? ? 1 ?
? 1 ? ?
1 ? ? ?
Figure 1: What properties should fulfill a striation associated to MUB?
(i) What properties should fulfill the ray such that the square in Fig. 1 to be a
striation?
(ii) How can one fill in a Latin square in order to obtain a striation corresponding to
an MUB?
(iii) Is it compulsory that a striation to be associated to a Latin square?
Our answers are based on a mathematical concept called extraordinary supersquare,
which was recently introduced by us in Ref. [31].
The paper is organized as follows. In Sec. 2 we briefly review the definitions of
supersquares and extraordinary squares, as well as the construction of the mutually
extraordinary supersquares of order 4. In Sec. 3 we obtain four types of mutually
extraordinary supersquares of order 8 and present an example of complete set of Type II
mutually extraordinary supersquares. In Sec. 4.1 we give the definition of the physical
striation and further a theorem that shows the equivalence between the physical striation
and the extraordinary supersquare. Sec. 4.2 presents the general algorithm for the
construction of the MUBs and the physical striations for d = pn, with p prime, which
consists in five steps. We give an example of complete set of MUBs for two qubits and
an example for three qubits, each example being characterized by physical striations
which are not all Latin squares or striations with vertical and horizontal lines. Finally,
we make some concluding remarks in Sec. 5, by pointing out the answers to the three
questions (i)−(iii) raised in the Introduction. For completeness, some basic concepts of
finite fields Fpn are reviewed in Appendix A.
2 Preliminaries: Extraordinary supersquares
2.1 Definition of the supersquares and the construction of the
mutually orthogonal supersquares
A square of order d, denoted by M = [Mij ] (with i, j = 1, ..., d), is a d × d array from
the numbers 1, ..., d such that each number occurs d times. A Latin square of order d,
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denoted by M = [Mij ] (with i, j = 1, ..., d), is a d × d array from the numbers 1, ..., d
such that each number occurs in every row and every column only once. A row-Latin
square of order d is a square, where each row is a permutation of the d numbers [32]. A
column-Latin square of order d is a square, where each column is a permutation of the
d numbers. Two squares M and N are called orthogonal if all the pairs (Mij, Nij) are
distinct.
If d is a power of a prime number, then an equivalent definition of a square is to
assign to each number in the square an element (x1, x2) in the space Fd × Fd, Fd being
the finite field with d elements. By x1 we label the row and by x2 the column of the
square.
Definition 1. [31] A square of order d (with d power of a prime number) is a
partition of Fd×Fd, being denoted as S = {A1, A2, ..., Ad}, where the number of elements
of the subset Aj is d. To the elements of the subset Aj we assign the number j:
the elements of A1 −→ 1
the elements of A2 −→ 2 (1)
...
the elements of Ad −→ d.
In the case d = 4, the elements of F4 are: {0, 1, µ, µ
2}, µ being a primitive element
of F4. We show in Fig. 2 the definition of a Latin square of order 4 as a partition.
µ2 4 3 2 1
µ 3 4 1 2
1 2 1 4 3
0 1 2 3 4
0 1 µ µ2
Figure 2: A Latin square of order 4 described as a partition of F4 × F4: A1 = {(0, 0),
(1, 1), (µ, µ), (µ2, µ2)}; A2 = {(0, 1), (1, 0), (µ, µ
2), (µ2, µ)}; A3 = {(0, µ), (1, µ
2), (µ, 0),
(µ2, 1)}; A4 = {(0, µ
2), (1, µ), (µ, 1), (µ2, 0)}.
The concept of a partition of a set is equivalent to that of an equivalence relation on
that set [33]. In the case of a square, the equivalence classes are A1, A2, ..., Ad.
Definition 2. [31] Consider a square of order d denoted by S = {A1, A2, ..., Ad}. S
is called a supersquare of order d if A1 is a subgroup with d elements of Fd × Fd and
S = Fd × Fd/A1 is the quotient set.
The subsets Aj are as follows:
A1 = 0ˆ;
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A2 = a2 + A1 = aˆ2;
.... (2)
Ad = ad + A1 = aˆd,
where aj ∈ Fd×Fd, j= 2, 3, ..., d. A1 is called the generating subgroup of the supersquare.
The Latin square given in Fig. 2 is a supersquare: the generating subgroup is
A1={(0, 0),(1, 1),(µ, µ),(µ
2, µ2)}, while A2 = (0, 1) + A1, A3 = (0, µ) + A1, and A4 =
(0, µ2) + A1.
We proved that the maximum number of mutually orthogonal supersquares is d+ 1,
this set being called complete [31]. The construction of the complete set of mutually
orthogonal supersquares consists of two steps [31]:
- step 1: the construction of the generating subgroups of each supersquare A1, B1,...,
Z1;
- step 2: the construction of the other d− 1 equivalence classes of each supersquare,
which do not contain the element zero.
2.2 Definition of the extraordinary squares
Let us consider v1 = (x1, y1) and v2 = (x2, y2) ∈ Fd × Fd with d = p
n, p being a prime
number. We denote by |v1 v2| the following determinant:
|v1 v2| =
∣∣∣∣
x1 x2
y1 y2
∣∣∣∣ .
The trace of an element α ∈ Fpn is given in the Appendix. We denote by K the
subgroup of Fpn , whose elements have the trace equal to zero:
K = {α ∈ Fpn : tr α = 0}. (3)
Definition 3. [31] The subgroup G ∈ Fpn × Fpn is called extraordinary if for any
of its two elements g1 and g2 ∈ G, one has |g1 g2| ∈ K.
Definition 4. A square of order d, S = {A1, ..., Ad} is called extraordinary if there
is j ∈ {1, 2, ..., d} such that Aj is an extraordinary subgroup of Fd × Fd.
As a consequence, a supersquare is extraordinary if its generating subgroup is ex-
traordinary. The classification of the squares of order d is shown below:
• Square: S = A1 ∪ A2... ∪ Ad, with Aj mutually disjoint subsets, each having d
elements.
• Supersquare: A1 is a subgroup and Aj = aj + A1, with j = 2, 3, ..., d.
• Extraordinary squares: A1 is an extraordinary subgroup.
• Extraordinary supersquares: A1 is an extraordinary subgroup and Aj = aj + A1,
with j = 2, 3, ..., d.
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2.3 The complete sets of mutually orthogonal extraordinary
supersquares of order 4
In the case d = 4, the complete set of mutually orthogonal extraordinary supersquares
consists of five squares. Let us denote by A1, B1, C1, D1, and E1 the generating extraor-
dinary subgroups. We proved that for d = 4, there are only two kinds of complete sets
of mutually orthogonal extraordinary supersquares [31]:
Type I) Let {v1, v2} be an arbitrary basis in F4×F4. The five generating extraordinary
subgroups are: A1 = F4 v1; B1 = F4 v2; C1 = F4 (v1 + µ v2); D1 = F4 (v1 + µ
2 v2);
E1 = F4 (v1 + v2).
Type II) Consider v1 and v2 ∈ F4×F4 such that |v1 v2| = 1. Then the five generating
extraordinary subgroups are as follows: A1 = F4 v1; B1 = Z2 v2 + Z2 (v1 + µ v2); C1 =
Z2 µ v2+Z2 (µ
2 v1+µ
2 v2); D1 = Z2 µ
2 v2+Z2 (µ v1+µ v2); E1 = Z2 (v1+v2)+Z2 (µ v1+
µ2 v2).
An example of complete set of mutually orthogonal extraordinary supersquares of
order 4 of Type II is shown in Fig. 3, being obtained for v1 = (1, µ
2) and v2 = (1, µ).
Only the square A) is Latin.
4 1 3 2
3 2 4 1
2 3 1 4
1 4 2 3
3 2 2 3
4 1 1 4
2 3 3 2
1 4 4 1
1 2 1 2
3 4 3 4
3 4 3 4
1 2 1 2
4 2 3 1
1 3 2 4
4 2 3 1
1 3 2 4
2 2 4 4
2 2 4 4
1 1 3 3
1 1 3 3
A) B) C) D) E)
Figure 3: The complete set of mutually orthogonal extraordinary supersquares of order 4
of Type II. The elements which generate the supersquares are v1 = (1, µ
2) and v2 = (1, µ)
and we have: A) Latin, B) column-Latin, C) square, D) row-Latin, E) square. The
generating extraordinary subgroup of each square is denoted by bold red 1.
3 The construction of the complete sets of mutually
orthogonal extraordinary supersquares of order 8
The subgroup K defined by Eq. (3) for d = 8 is K = {0, µ, µ2, µ4}, µ being a primitive
element (for details see Appendix A). Suppose that G ⊆ F8 × F8 is a subgroup which
contains eight elements. Let v1, v2 ∈ G with |v1 v2| = k, where k ∈ K and k 6= 0. Then
G is an extraordinary subgroup if and only if:
i) G = F8 u (u 6= 0, u ∈ F8 × F8) or
ii) G = Z2 v1 + (Kk
−1) v2.
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According to Proposition 3.3 and Corollary 3.6 in Ref. [31], in order to obtain the
complete set of d+1 mutually orthogonal supersquares, it is sufficient to obtain the d+1
generating subgroups A
(1)
1 , A
(2)
1 ,..., A
(d)
1 such that the intersection of any two of these
subgroups is the element zero. We found four types of such 9 generating extraordinary
subgroups in the case d = 8, which are given below. Therefore we obtain four different
types of complete sets of mutually orthogonal extraordinary supersquares of order 8. In
order to obtain the whole squares, one needs to construct the other d − 1 equivalence
classes of each supersquare [31].
Type I) Let {v1, v2} be an arbitrary basis in F8 × F8. The generating extraordinary
subgroups are: Fd(v1 + λj v2), j = 0, 1,..., d− 1 and Fdv2, where λj ∈ Fd are all distinct.
Further we consider {v1, v2} to be an arbitrary basis in F8×F8 such that k = |v1 v2| ∈
K. We denote by K˜ = K k−1 = {0, 1, k, k3}. The generating extraordinary subgroups
of the other three types are as follows:
Type II) A1 = Z2(v2 + k
4v1) + K˜v1; B1 = Z2k
2v1 + K˜(k
5v2 + k
2v1); C1 = Z2k
4v1 +
K˜(k3v2 + k
6v1); D1 = Z2k
5v1 + K˜(k
2v2 + k
4v1); E1 = Z2k
6v1 + K˜(kv2 + v1); F1 =
Z2(kv1 + kv2) + K˜k
6v2; G1 = Z2kv2 + K˜(k
6v1 + k
6v2); H1 = Z2k
4v2 + K˜(k
3v1 + k
5v2);
I1 = Z2(k
2v1 + k
3v2) + K˜(v1 + k
6v2).
Type III) A1 = F8v2; B1 = F8(v1+ v2); C1 = F8(kv1+ v2); D1 = Z2(v2+k
2v1)+ K˜v1;
E1 = Z2k
2v1+K˜(k
5v2+k
4v1); F1 = Z2k
4v1+K˜(k
3v2+k
5v1); G1 = Z2k
5v1+K˜(k
2v2+v1);
H1 = Z2k
6v1 + K˜(kv2 + k
4v1); I1 = Z2(v1 + k
5v2) + K˜(k
5v1 + kv2).
Type IV) A1 = F8v2; B1 = Z2(v2 + k
2v1) + K˜v1; C1 = Z2k
2v1 + K˜(k
5v2 + v1);
D1 = Z2k
4v1 + K˜(k
3v2 + v1); E1 = Z2k
5v1 + K˜(k
2v2 + v1); F1 = Z2k
6v1 + K˜(kv2 + v1);
G1 = Z2(k
2v1+k
6v2)+ K˜(v1+ v2); H1 = Z2(k
2v1+k
2v2)+ K˜(v1+k
4v2); I1 = Z2(k
5v1+
k5v2) + K˜(v1 + k
6v2).
We present in Fig. 4 an example of complete set of mutually orthogonal extraordinary
supersquares of Type II of order 8. The generating basis is v1 = (1, µ) and v2 = (µ
3, µ2).
4 The construction of mutually unbiased bases
4.1 Definition of the physical striation and its equivalence to
the extraordinary supersquare
In order to define a discrete Wigner function for the dimension power of prime d = pn,
Wootters [17] and Gibbons et al. [6] constructed the discrete phase space with the help
of d2 points (x1, x2), where x1 ∈ Fd runs along the horizontal axis and x2 ∈ Fd along the
vertical one. To a quantum state one has to assign a line, which is defined as a subset of
d points. The line which passes through the origin is called a ray [6]. Two lines in the
discrete phase space are called parallel if they do not intersect. The discrete phase space
consists of d parallel lines. A given set of d parallel lines generates a striation [17, 6].
Two striations are mutually unbiased if each line of the first striation has exactly one
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6 2 7 4 3 1 5 8
2 6 3 8 7 5 1 4
8 4 5 2 1 3 7 6
3 7 2 5 6 8 4 1
4 8 1 6 5 7 3 2
5 1 8 3 4 2 6 7
7 3 6 1 2 4 8 5
1 5 4 7 8 6 2 3
3 7 2 5 6 8 4 1
8 4 5 2 1 3 7 6
5 1 8 3 4 2 6 7
7 3 6 1 2 4 8 5
2 6 3 8 7 5 1 4
6 2 7 4 3 1 5 8
4 8 1 6 5 7 3 2
1 5 4 7 8 6 2 3
8 2 3 3 5 8 2 5
1 7 6 6 4 1 7 4
1 7 6 6 4 1 7 4
8 2 3 3 5 8 2 5
8 2 3 3 5 8 2 5
8 2 3 3 5 8 2 5
1 7 6 6 4 1 7 4
1 7 6 6 4 1 7 4
A) B) C)
4 5 6 2 3 8 1 7
6 3 4 8 5 2 7 1
3 6 5 1 4 7 2 8
2 7 8 4 1 6 3 5
5 4 3 7 6 1 8 2
7 2 1 5 8 3 6 4
8 1 2 6 7 4 5 3
1 8 7 3 2 5 4 6
7 4 7 8 4 8 3 3
3 8 3 4 8 4 7 7
7 4 7 8 4 8 3 3
1 6 1 2 6 2 5 5
3 8 3 4 8 4 7 7
5 2 5 6 2 6 1 1
5 2 5 6 2 6 1 1
1 6 1 2 6 2 5 5
1 3 5 4 7 8 6 2
4 2 8 1 6 5 7 3
6 8 2 7 4 3 1 5
6 8 2 7 4 3 1 5
7 5 3 6 1 2 4 8
4 2 8 1 6 5 7 3
7 5 3 6 1 2 4 8
1 3 5 4 7 8 6 2
D) E) F)
5 8 4 1 1 8 5 4
7 6 2 3 3 6 7 2
8 5 1 4 4 5 8 1
4 1 5 8 8 1 4 5
6 7 3 2 2 7 6 3
3 2 6 7 7 2 3 6
2 3 7 6 6 3 2 7
1 4 8 5 5 4 1 8
2 1 1 7 2 8 7 8
2 1 1 7 2 8 7 8
4 3 3 5 4 6 5 6
3 4 4 6 3 5 6 5
4 3 3 5 4 6 5 6
1 2 2 8 1 7 8 7
3 4 4 6 3 5 6 5
1 2 2 8 1 7 8 7
6 6 8 6 8 8 8 6
5 5 7 5 7 7 7 5
2 2 4 2 4 4 4 2
5 5 7 5 7 7 7 5
1 1 3 1 3 3 3 1
2 2 4 2 4 4 4 2
6 6 8 6 8 8 8 6
1 1 3 1 3 3 3 1
G) H) I)
Figure 4: An example of complete set of mutually orthogonal extraordinary supersquares
of order 8 of Type II. The elements which generate the supersquares are v1 = (1, µ) and
v2 = (µ
3, µ2) and we have: A) Latin, B) Latin, C) square, D) Latin, E) square, F) row-
Latin, G) column-Latin, H) square, I) square. The generating extraordinary subgroup
of each square is denoted by bold red 1.
intersecting point with each line of the second striation [23]. There are d + 1 mutually
unbiased striations. Using the concepts introduced in Sec. 2.1, Definition 1, a striation
has to be described by a square of order d, i.e. a striation is a partition of Fd × Fd.
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Notation Discrete phase space Square
(x1, x2) point element of Fd × Fd
Aj line equivalence class
{0, a1, ..., ad−1} ray extraordinary subgroup
S striation extraordinary square
S physical striation extraordinary supersquare
(according to the Theorem)
Table 1: Table of equivalent concepts
The line in the discrete phase space is analogue of a subset (equivalence class) Aj of the
square. The correspondence between an equivalence class (line) Aj and a quantum state
is made by the function Q [6]: Q(Aj) is the projection operator of a pure state, where
j = 1, 2, ..., d. The equivalent concepts of the geometry of discrete phase space and
squares are shown in Table 1.
Let us consider two elements x, y ∈ Fpn which can be written with the help of two
bases E = {e1, ..., en} and F = {f1, ..., fn} as follows: x =
∑n
i=1 xei ei; y =
∑n
j=1 yfj fj.
We denote by X, Y, Z the generalized Pauli operators. To the translation in the phase
space Fpn×Fpn by the element (x, y) we associate an operator T(x,y) called the translation
operator [6]:
T(x,y) := X
xe1 Zyf1 ⊗ ...⊗Xxen Zyfn . (4)
Let us consider a striation to be the square S = {A1, A2, ..., Ad}. If Q(Aj) is the
projection operator associated to the equivalence class Aj (j = 1, 2,..., d− 1), then one
needs [6]:
Q((x, y) + Aj) = T(x,y)Q(Aj) T
†
(x,y). (5)
This requirement is imposed in order that the discrete Wigner function to be transla-
tionally covariant.
Let us denote by Ta1 , Ta2 , ..., Tad−1 with aj ∈ Fd × Fd the set of d − 1 commuting
translation operators, whose common eigenvectors are |w1 〉,..., |wd 〉. A striation is
associated to the common eigenvectors, i.e. to the basis {|w1 〉,..., |wd 〉}. The ray of
this striation is {0, a1, ..., ad−1}. One knows that if
tr(x1 y2) = tr(x2 y1), (6)
then the two translation operators (4) T(x1,y1) and T(x2,y2) commute [34, 35, 36]. If we
denote by a1 = (x1, y1) and by a2 = (x2, y2) ∈ Fd×Fd, then the condition (6) is equivalent
to |a1 a2| ∈ K, where K is the subgroup of Fd defined by Eq. (3). In order to determine
the set of d − 1 commuting operators Ta1 , Ta2 , ..., Tad−1 of a given striation, one needs
to obtain the subgroup {0, a1, ..., ad−1} in Fd × Fd such that |ai aj | ∈ K for all i 6= j,
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i.e. the subgroup has to be extraordinary according to the Definition 3 of Sec. 2.2.
Therefore, the square associated to a striation must be an extraordinary square, since all
the d − 1 translation operators corresponding to the subgroup {0, a1, ..., ad−1}, i.e. the
ray, mutually commute (see Table 1).
Wootters pointed out that a striation is invariant under the translations by the vectors
a1, a2, ..., ad−1 [17], i.e. the nonzero elements of the ray (see the step no. 3 and the
example presented above it in Sec. 5 of [17]). Using the fact that the striation must
remain invariant under the translation by the nonzero elements of the ray [17], we give
the following definition:
Definition 5. Let us consider an extraordinary subgroup A1 = {0, a1, ..., ad−1} in
Fd × Fd. The extraordinary square S = {A1, A2, ..., Ad} is called a physical striation
if ak + Aj = Aj , where k = 1, 2,..., d− 1 and j = 1, 2,..., d.
In other words, the physical striation S contains an extraordinary subgroup and it is
invariant under the translation by the nonzero elements ak of the extraordinary subgroup.
Theorem. An extraordinary square is a physical striation if and only if it is a
supersquare. The complete set of d+1 mutually unbiased physical striations is equivalent
to the complete set of d+ 1 mutually orthogonal extraordinary supersquares.
Proof. Firstly we will prove that if the extraordinary square is a physical striation,
then the square must be a supersquare. The extraordinary square is S = {A1, A2, ..., Ad}
with A1 = {0, a1, ..., ad−1}. Let us denote the subset A2 as A2 = {u1, u2,..., ud}. Since
A1 and A2 are disjoint subsets, it means that ui 6= ak. We have that A2 + ak = A2 for
all k = 1, 2,..., d− 1, which for a fixed i leads to
ui + a1 ∈ A2
ui + a2 ∈ A2
...
ui + ad−1 ∈ A2,
This can be rewritten as ui + A1 ⊆ A2. Since the number of elements of ui + A1 is the
same as the number of elements of A2, i.e. d, one obtains that A2 = ui + A1, where ui
is any arbitrary u1, u2,..., ud. The same argumentation is used for the other subsets Aj
with j = 3,..., d and this means that S is an extraordinary supersquare.
Secondly, we need to prove the converse statement: if the extraordinary square S
is a supersquare, then S is a physical striation. Since S is supersquare, its equivalence
classes have the structure given by Eq. (2). The invariance under translations by the
nonzero elements of A1 is obvious, because A1 is a subgroup.
As a consequence, we obtain that the complete set of d+1 mutually unbiased physical
striations is equivalent to the complete set of d + 1 mutually orthogonal extraordinary
supersquares.
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4.2 The general algorithm for the construction of the MUBs
for d = pn
The general algorithm for the construction of the complete set of MUBs is as follows:
1. The complete set of d + 1 mutually orthogonal extraordinary supersquares is
obtained. This is an independent mathematical problem to be solved [31]. We want to
emphasize that the definition of the extraordinary supersquares is a mathematical one
and no connection with the quantum states or operators is made in this definition.
2. We write the d+ 1 generating subgroups of the extraordinary supersquares.
3. To each element of these subgroups we assign its associated translation operator
according to Eq. (4). Since the subgroups are extraordinary, we obtain that the d − 1
operators corresponding to each subgroup commute, i.e. we have a set of mutually
unbiased operators.
4. For each set of commuting operators, we derive its set of common eigenvectors.
The d+ 1 families of common eigenvectors represent the set of MUBs.
5. Further, we have to find the unique correspondence between a certain state of a
basis of the MUBs and a certain equivalence class of the square (line of the striation).
For a given physical striation, we choose one of the common eigenvectors to correspond
to the generating extraordinary subgroup A1 of the supersquare (i.e. the ray). Then,
since the other classes Ak (k = 2, 3, ..., d) are obtained as Ak = ak + A1, we have
that the eigenvector Q(Ak) = Tak Q(A1) T
†
ak
as we get from Eq. (5). In this way, the
correspondence is well defined and unique [17].
Our algorithm is a generalization of the algorithm of Wootters [17]. In the construc-
tion of Wootters, one assumes that the two striations with vertical and horizontal lines
are always present and, accordingly, one generates only a special class of MUBs, the
one which contains the eigenvectors of tensor products of the Pauli operators X and the
identity, Z and the identity, or their combination. In our algorithm, it is not necessary
to start the construction with the squares with vertical and horizontal lines. Instead, we
emphasize that one has to obtain the set of mutually orthogonal extraordinary super-
squares as a first step in our construction.
In the case of systems consisting of two qubits, i.e. d = 4, all the complete sets
of five mutually orthogonal extraordinary supersquares were presented in Sec. 2.3, the
generating extraordinary subgroups being of Type I or II [31]. For a three-qubit system,
i.e. d = 8, we obtained in Sec. 3 four kinds of complete sets of mutually orthogonal
extraordinary supersquares: Type I − IV.
4.3 An example of complete set of MUBs for d = 4
We denote by X, Y , and Z the Pauli operators. Using the selfdual basis {µ, µ2} in F4,
we obtain the translation operators (4): T(0,1) = Z ⊗ Z; T(0,µ) = Z ⊗ I; T(1,0) = X ⊗X ;
T(µ,0) = X ⊗ I.
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Further we give an example of the construction of MUBs for d = 4. We follow
the steps 1 − 5 given in Sec. 4.2 in order to obtain the MUBs. The five mutually
orthogonal extraordinary supersquares of order 4 of Type II were obtained in Fig. 3 and
this represents step 1 in our construction. Steps 2 and 3 are shown in the table below,
i.e. the generating extraordinary subgroups and the MU operators:
Label Generating extraordinary Mutually unbiased
subgroups operators
A1 (1, µ
2); (µ, 1); (µ2, µ) X ⊗ Y ; Y ⊗ Z;Z ⊗X
B1 (1, µ); (µ
2, 0); (µ, µ) Y ⊗X ; I ⊗X ; Y ⊗ I
C1 (µ, µ
2); (0, µ2); (µ, 0) X ⊗ Z; I ⊗ Z;X ⊗ I
D1 (µ
2, 1); (µ2, µ2); (0, µ) Z ⊗ Y ; I ⊗ Y ;Z ⊗ I
E1 (0, 1); (1, 0); (1, 1) Z ⊗ Z;X ⊗X ; Y ⊗ Y
Step 4 consists in obtaining the MUBs, which represent the set of common eigenvec-
tors:
No. Mutually unbiased bases
1. 1
2


−i
i
1
1

; 12


i
i
−1
1

; 12


i
−i
1
1

; 12


−i
−i
1
−1


2. 1
2


i
i
−1
−1

; 12


i
−i
1
−1

; 12


i
−i
−1
1

; 12


i
i
1
1


3. 1√
2


1
0
1
0

; 1√2


0
i
0
i

; 1√2


−i
0
i
0

; 1√2


0
1
0
−1


4. 1√
2


i
−1
0
0

; 1√2


0
0
i
−1

; 1√2


0
0
−1
i

; 1√2


−1
i
0
0


5. 1√
2


1
0
0
1

; 1√2


−i
0
0
i

; 1√2


0
i
i
0

; 1√2


0
1
−1
0


The set of physical striations coincide with the set of mutually orthogonal extraordi-
nary supersquares, according to the Theorem, and this is shown in Fig. 3. The unique
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correspondence between extraordinary supersquares and MUBs is shown in Fig. 5. We
present in the figure how the steps 1 − 5 given in Sec. 4.2 are implemented.
4 1 3 2
3 2 4 1
2 3 1 4
1 4 2 3
←→
Generating subgroup
A1 = {0, (1, µ
2); (µ, 1); (µ2, µ)}
←→ {X ⊗ Y ; Y ⊗Z;Z ⊗X}
←→
No. Mutually unbiased bases
1. 1
2


−i
i
1
1

; 12


i
i
−1
1

; 12


i
−i
1
1

; 12


−i
−i
1
−1


Figure 5: The five steps for obtaining the MUBs described in Sec. 4.2. We discuss here
only the first basis. In the step 5 we need to find the unique correspondence between
an element of the basis and an equivalence class of the extraordinary supersquare. We
associate the first vector | v1 〉 of the first basis to the extraordinary subgroup denoted
by bold red 1 in the supersquare. Since the second equivalence class is A2 = (1, µ) +A1,
we obtain the unique correspondence of the second vector of the basis | v2 〉 = T(1,µ)| v1 〉
by using Eq. (5).
4.4 An example of complete set of MUBs for d = 8 correspond-
ing to the structure (0,9,0)
One knows that any set of MUBs contains entangled bases [37]. In the case of three
qubits, the MUBs are characterized by (nf , nb, nns), where nf is the number of completely
factorized bases, nb is the number of biseparable bases that contain bipartite entangle-
ment, while nnf is the number of nonseparable bases. The three numbers (nf , nb, nns)
defines a structure of the set of MUBs. For three-qubit systems, there are four kinds of
structures: (3,0,6), (1,6,2), (2,3,4), and (0,9,0) [37].
The MUBs are useful tools for quantum tomography. One may ask which structure
of MUBs for three qubits can be optimally implemented. The answer to this question
is based on the concept of physical complexity of MUBs [2]. The physical complexity is
proportional to the total number of CNOT gates required for the tomography. The mea-
surements which involve entangled MUBs depend on nonlocal gate operations, which are
very difficult to be performed with high accuracy. Therefore the optimal implementation
of MUB tomography is based on that family of MUBs that requires a minimum num-
ber of nonlocal operations and this condition is satisfied by the structure (0,9,0) [2]. In
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Label of the Mutually unbiased operators
generat. subgr.
A1 X ⊗ Y ⊗ Y ;Z ⊗ Y ⊗X ;Y ⊗ I ⊗ Z;Z ⊗ I ⊗X ;Y ⊗ Y ⊗ Z; I ⊗ Y ⊗ I;X ⊗ I ⊗ Y
B1 X ⊗ Z ⊗ Y ;Z ⊗ Y ⊗ I;Y ⊗X ⊗ Y ;Y ⊗X ⊗ I;Z ⊗ Y ⊗ Y ;X ⊗ Z ⊗ I; I ⊗ I ⊗ Y
C1 Z ⊗ I ⊗ Z; I ⊗ Z ⊗ I;X ⊗ Z ⊗X ;Z ⊗ Z ⊗ Z;Y ⊗ Z ⊗ Y ;X ⊗ I ⊗X ;Y ⊗ I ⊗ Y
D1 Y ⊗ Y ⊗ Y ; I ⊗ Y ⊗ Y ;Y ⊗ I ⊗ I; I ⊗X ⊗ Z;Y ⊗ Z ⊗X ; I ⊗ Z ⊗X ;Y ⊗X ⊗ Z
E1 Z ⊗ Y ⊗ Z; I ⊗ Z ⊗ Y ;Z ⊗X ⊗X ;Z ⊗ Z ⊗ Y ; I ⊗X ⊗X ;Z ⊗ I ⊗ I; I ⊗ Y ⊗ Z
F1 X ⊗ Y ⊗ Z;Y ⊗ Z ⊗ I;Z ⊗X ⊗ Z;X ⊗ Y ⊗ I; I ⊗ I ⊗ Z;Z ⊗X ⊗ I;Y ⊗ Z ⊗ Z
G1 Y ⊗X ⊗X ;Z ⊗X ⊗ Y ;X ⊗ I ⊗ Z;Y ⊗ I ⊗X ; I ⊗X ⊗ I;X ⊗X ⊗ Z;Z ⊗ I ⊗ Y
H1 X ⊗ Y ⊗X ; I ⊗X ⊗ Y ;X ⊗ Z ⊗ Z;X ⊗X ⊗ Y ; I ⊗ Z ⊗ Z;X ⊗ I ⊗ I; I ⊗ Y ⊗X
I1 I ⊗ I ⊗X ;X ⊗X ⊗X ;X ⊗X ⊗ I;Y ⊗ Y ⊗X ;Y ⊗ Y ⊗ I;Z ⊗ Z ⊗ I;Z ⊗ Z ⊗X
Table 2: The mutually unbiased operators that correspond to the mutually orthogonal
extraordinary supersquares of order 8 of Type II given in Fig. 4. This is the structure
(0,9,0).
conclusion, among all the types of MUBs, the ones described by bipartite entanglement
are of greatest importance in tomography. Below we present one example of MUBs with
the structure (0,9,0).
Using the selfdual basis {µ3, µ5, µ6} in F8, we obtain the translation operators (4):
T(0,µ3) = Z ⊗ I ⊗ I; T(0,µ5) = I ⊗ Z ⊗ I; T(0,µ6) = I ⊗ I ⊗ Z; T(µ3,0) = X ⊗ I ⊗ I;
T(µ5,0) = I ⊗X ⊗ I; T(µ6,0) = I ⊗ I ⊗X .
The first step of our algorithm is already accomplished in Sec. 3, where the complete
set of Type II orthogonal extraordinary supersquares was obtained in the case when
v1 = (1, µ) and v2 = (µ
3, µ2), namely Fig. 4. These represent also the physical stria-
tions. Steps 2 and 3 consist in writing the eight generating extraordinary subgroups of
the squares and assigning the mutually unbiased operators. The nine families of seven
commuting operators are shown in Table 2. The complete set of MUBs generated by
Table 2 corresponds to the structure (0,9,0).
5 Conclusions
In this paper we have investigated the connection between mutually unbiased bases and
mutually orthogonal extraordinary supersquares. Firstly we have obtained four types of
complete sets of mutually orthogonal extraordinary supersquares of order 8.
Secondly, we have introduced the concept of physical striation, which is based on the
invariance of the extraordinary square associated to that striation under the translation
by the nonzero elements of the ray. We have proved in the Theorem that a physical
striation is equivalent to an extraordinary supersquare.
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In conclusion, we answered to the questions raised in the Introduction. If we start
with the striation of Fig. 1, then:
• the number ’1’ represents a subgroup of Fd × Fd;
• the subgroup described by ’1’ must be an extraordinary one;
• the square has to be a supersquare;
• it is not compulsory that the square to be a Latin one.
In other words, since a physical striation is described by an extraordinary supersquare,
then the complete set of physical striations associated to the MUBs is given by the
complete set of mutually orthogonal extraordinary supersquares.
We have proposed an algorithm for obtaining the complete set of MUBs, which
consists in five steps. This algorithm was applied to an example for two qubits and an
example for three qubits, which correspond to the structure (0,9,0). The fact that not
only the Latin squares are accepted as physical striations may have strong implications
in quantum information processes, e.g. quantum tomography.
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A Basic concepts of finite fields Fpn
For α ∈ Fpn, the trace is given by tr α = α+ α
p + αp
2
+ ...+ αp
n−1
.
Let us denote by E = {e1, ..., en} a basis in Fpn and by F = {f1, ..., fn} a second
basis in Fpn. Then, F is called the dual basis of E if tr (ei fj) = δij . A basis E is called
selfdual if it is dual to itself.
In the case when d = 22, there is only one irreducible polynomial: P (x) = x2+x+1.
Since µ is the primitive element of F4, we have µ
2 + µ+ 1 = 0. The elements of F4 are:
F4 = {0, 1, µ, µ
2}. The basis {µ, µ2} is selfdual in F4.
In the case when d = 23, we consider the irreducible polynomial: P (x) = x3 + x+ 1.
Therefore the elements of F8 are: F8 = {0, 1, µ, µ
2, µ3, µ4, µ5, µ6}. The basis {µ3, µ5, µ6}
in F8 is selfdual.
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